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Analytic perturbation solution to the capacitance system of a hyberboloidal
tip and a rough surface
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The capacitance system of a hyperboloidal tip and a rough surface is usually encountered in
analyzing electrostatic force microscopy images. In this letter, a perturbation approach has been
applied to solve for the electric potential of this system, in which the rough surface is treated as
perturbation from a flat one. For the first-variation solution, the boundary value problem is
represented in the prolate-spheroidal coordinate system and solved in terms of a generalized Fourier
series involving conical functions. Based on this solution, the tip-surface Coulombic interaction can
be computed. Sample calculations have been applied to sinusoidal surface profiles. © 2008
American Institute of Physics. DOI: 10.1063/1.2906487
Capacitance problems are one of the most studied types
of boundary value problems and are applied not only in elec-
trostatic and steady-current computations but also in steady
heat conduction simulations. However, such problems in-
volving one or two rough electrodes usually forbid exact
analytic solutions, with the exception of some two-
dimensional problems for which conformal mappings may
be used see, e.g., Ref. 1. In general, although numerical
techniques such as the finite element method are readily
available and sufficiently accurate for most engineering ap-
plications, they might lack insights when used for analyzing
the behaviors of a family of similar problems, e.g., capaci-
tance systems with a continuously varying electrode spacing.
On the other hand, approximate analytic solutions to ca-
pacitance problems with a rough electrode may serve as al-
ternative methodologies capable of investigating the depen-
dence of interested parameters. Such solutions include the
solution of Hurych2 to the capacitor of a dielectric thin film
of nonuniform thickness, the perturbation approach of
García-Valenzuela et al.3,4 to periodic plate capacitors, and
the formula of Boyer et al.5 for the capacitance between a
sphere and a rough plane.
In this letter, we have investigated the capacitance sys-
tem of a sheet of a two-sheeted hyperboloid and a rough
surface, which may find applications in analyzing images of
electrostatic force microscopy EFM.6 As a variant of
atomic force microscopy, EFM measures the electrostatic in-
teractions between a probe tip and materials such as semi-
conductors see Ref. 7 and references therein in order to
help understand their local charge distributions.
We will first solve the capacitance system of a hyperbo-
loid and a flat surface, and then treat the rough surface as
perturbation from the flat surface by introducing a compen-
sating boundary condition BC on the flat surface.
To accommodate the geometry, we introduce the prolate
spheroidal coordinates  , ,:8
 = a2 − 11 − 2,  = , z = a , 1
where , , and z are cylindrical coordinates and a0 is a
constant. The domains of the prolate spheroidal coordinates
are 1 +, −11, 02	. Note that the sur-
faces with constant  1 represent a family of confocal
prolate spheroids, whereas those with constant  are confo-
cal hyperboloids of two sheets except for =0 which rep-
resents a plane. The foci of these spheroids and hyperbo-
loids are located on the z axis with z=
a. The metrics of the
prolate-spheroidal coordinates are
h = a2 − 2
2 − 1
, h = a2 − 21 − 2 ,
h = a2 − 11 − 2 . 2
In the reference capacitance problem of a tip and a flat
surface, the two electrodes are modeled as surfaces with con-
stant ’s: =1 011 for the tip surface and =0 for
the flat surface. The probe-tip radius of curvature R, the half
cone angle of the tip , and the tip-sample separation d are
given by a1−1
2 /1, cos−1 1, and a1, respectively,9 see
Fig. 1. Note that only two of these three quantities are in-
aElectronic mail: shenyx@stanford.edu.
FIG. 1. Color online Schematic of exact and approximated electrostatic
BVPs between a hyperboloidal tip and a surface with topography. The
boundaries of the exact BVP are shown as solid curves. This BVP is ap-
proximated as perturbation from a reference solution V¯ , in which BCs are
imposed on the tip =1 and the flat surface =0. The first-variation solu-
tion V is determined by imposing compensating BCs on =1 and =0.
To ease the numerical implementation, an artificial BC V /n=0 is im-
posed on the prolate spheroid =0 dash-dotted curve. This prolate spher-
oid is determined such that it encloses the actual size of the tip not drawn
to scale in the figure.
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dependent in this model.
For quantities in the reference problem, we will use no-
tations with overbars. Since there is no charge present in the
region between surfaces =1 and =0, the potential of the
reference problem V¯ satisfies Laplace’s equation V¯ =0. In
the prolate spheroidal coordinates, the Laplacian operator 
reads8
 =
1
a2 − 2 2 − 1  + 1 − 2 
+
2 − 2
2 − 11 − 2
2
2
	 . 3
Without loss of generality, we set the BCs for this refer-
ence problem to be V¯  ,1 ,=V0 and V¯  ,0 ,=0. The
solution to this problem is V¯  , ,=Q0V0 /Q01,
where Q0
1 /2ln1+ / 1− is the Legendre func-
tion of the second kind of degree 0.
The tip-surface electrostatic force can be written as
F¯ = 
Stip
¯2nz
20
dS , 4
where 0=8.854210−12 F /m is the vacuum permittivity,
¯=−0V¯ /n=1 =0h
−1V¯ /=1 is the surface charge
density, and n is the unit outward normal of the tip surface
whose z component is nz=−1−1
2 / 2−1
21/2. The
area element dS is given by hhdd=a22−1
21
−1
21/2dd. The integral in Eq. 4 diverges if one inte-
grates over the entire surface =1  from 1 to . To
render a finite value, one must only integrate over a finite
portion of this surface corresponding to the actual size of
the hyperboloid: 10
1+L /d, where L is the length of
the entire probe in the axial direction. By doing so, one has
F¯ =−	0V0
2 /2Q012ln02−12 / 1−12.
Now we consider the problem with the flat surface
=0 replaced by a rough one z=z , see Fig. 1, or,
invoking 1, =s ,
a−1z ,. The new exact
boundary value problem BVP has BCs V=V0 on =1 and
V=0 on =s ,, which does not allow an exact analytic
solution for a generic surface profile z.
For small roughness za, however, we can treat
the rough surface as perturbation from the flat surface. Here
· denotes a certain measure for a function. To do so, we first
extend the potential V¯  , ,=Q0V0 /Q01, to the re-
gion −11. Also note that since V¯ vanishes on =0
and its local gradient is perpendicular to that surface, the V¯
values on the rough surface =s , can be approximated
using a Taylor series expansion about the flat surface =0,
V¯ ,s,, =
V¯

,0,s, + Oz2 . 5
Hence, if we could find a harmonic potential
V with BCs V=0 on =1 and V=Vs ,

−V¯ /=0s , on =s ,, then V¯ +V would be
a first-order approximation to the solution of the potential
between the tip and the rough sample. To take advantage of
the geometry, we will, however, impose the BC V
=Vs , on the flat surface =0 instead. Since the value of
this BC is already on the order of z, this further approxi-
mation only results in a second-order deviation, provided
za and z1.
Hence, we will solve for the first-variation correction V
with Dirichlet BCs V=0 on =1 and V=Vs , on
=0 see Fig. 1.
Using the method of separation of variables, we write
V , ,=H. Applying Eq. 3 to V and
equating the resulted field to zero, we have
d
d1 − 2dd  +  + 1 − m21 − 2 = 0, 6
d
d1 − 2dHd  +  + 1 − m21 − 2H = 0, 7
d2
d2
+ m2 = 0, 8
where m=0,1 ,2 ,¯ which follows from the periodicity in
 and  is in general a complex number. Equations 6 and
7 are associated Legendre differential equations of degree 
and order m. Without loss of generality, a typical normal
solution is P
mP
m
 cossin m, where P
m is the asso-
ciated Legendre function of the first kind. According to
Snow10 a complete set is given by setting =−1 /2+ ip and
letting p assume real values from − to . In this case,
Kp
m
P
−1/2+ip
m  is called a conical function. We can
write V as a superposition of the normal solutions with
generalized Fourier coefficients to be determined. These
Fourier coefficients can be formally derived using the BCs
and their mutual orthogonality see Ref. 11. However, the
subsequent numerical integration with respect to p is chal-
lenging see Ref. 9 due to the oscillating integrand.
To overcome this difficulty, we impose an artificial ho-
mogeneous Neumann BC on a prolate spheroid surface 
=0 see Fig. 1 that encloses the actual size of the tip, and
truncate the region exterior to this prolate spheroid. Now the
domain is bounded by the prolate spheroid =0, the probe
surface =1, and the flat surface =0.
This additional BC does not alter the reference solution
V¯ . For V, it reduces to 0=0 for Eq. 6, which leads to
a Sturm–Liouville eigensystem for each m, allowing only
discrete p values such that Kp
m0=0. In an ascending order
pn
m
, the nth root of Kp
m0=0 can be shown to be approxi-
mately n+ m+1 /4	 / ln20 for 01, which can serve
to be initial values for root-finding routines. Denoting
Tn
m
Kp
n
m
m , we have the orthogonal condition

1
0
Tn
mTs
md = 0, if n  s . 9
These orthogonal functions Tn
m :n=1,2 ,¯  consti-
tute a complete set in L21,0 for each m except when
m=0, in which case we need an additional basis function for
=0 i.e., P0=1. This basis function corresponds to de-
pendence on  as A0P0+B0Q0, or simply A0
+B0Q0. Now V can be written as a double summation
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V,, = A0 + B0Q0 + 
m=0


n=1

Tn
m
 An
mTn
mcosm + Bn
mTn
m− cosm
+ Cn
mTn
msinm + Dn
mTn
m− sinm ,
10
where A0, B0, An
m
, Bn
m
, Cn
m
, and Dn
m are Fourier coefficients
to be determined by matching BCs V ,1 ,=0 and
V ,0 ,=Vs , and invoking the orthogonal relation
9 and that between cossin m ,m=0,1 ,2¯.
With the first-order correction V, one can obtain the
correction for the surface charge density ¯ of the same order
as  ,=0h
−1V /=1. From Eq. 4, the first-
order correction for the force in the z direction is given by
F=0
−1Stip¯nzdS. By inspection, one deduces that only
the axisymmetric part terms with m=0 of  contribute to
F. As a result, F only depends on the -averaged topog-
raphy z˜
1 /2	0
2	z ,d.
As a sample application of this methodology, we set
V0=1 V, 1=0.950, and 0=200, which corresponds to
R=0.103a, =18.2°, and d=0.950a see Fig. 1. In the
reference solution, the tip-surface interaction F¯ is given
by Eq. 4 which is scale-independent and equals
−53.57 pN the minus sign meaning an attractive force.
For numerically evaluating F, we first use the built-in
function “FindRoot” of the software WOLFRAM MATH-
EMATICA to solve for the roots pn
0
,n=1,2 ,¯. We find that
the first nmax=10 Fourier modes are sufficient for obtaining
three significant digits. We then compute F as described in
the previous paragraph and tabulate the results for constant
and sinusoidal topographies in Table I. For example, if
a=50 nm, the corresponding d is 0.95a=47.5 nm. For
a constant topography z=z0=5 nm, F /F¯ =0.2285 /50
=0.0228, and FF¯ 1+0.0228=−54.79 pN. This corre-
sponds to shortening the reference separation by z0. For veri-
fication, we also compute the total force F¯ from the reference
solution with this new separation d−z0 with the same  and
L, which completely define the geometry and which corre-
spond to a 10% smaller R, which equals −54.49 pN, indi-
cating the validity of the method.
In conclusion, an analytic perturbation solution to the
potential between a hyperboloidal tip and a rough surface has
been derived for a particular tip-surface spacing in terms of
the prolate spheroidal coordinates. With this solution, the tip-
surface electrostatic force can also be computed which is
found to be only dependent on the azimuth-averaged topog-
raphy. Sample calculations are performed for constant and
sinusoidal topographies, of which only constant and cosine
spatial waves but not sine waves contribute to the force
correction. A generic topography z that can be modeled as a
superposition of two-dimensional Fourier components can
thus be analyzed within this framework, provided za
and z1. This result can be used to interpret EFM
images by analyzing the horizontal force variations as the tip
scans a sample.
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TABLE I. Sample topography, its azimuth-averaged counterpart and the
corresponding first-order corrections for the electrostatic force. Here, z0 is
the characteristic height of the topography, x one of the Cartesian coordi-
nates, J0 the Bessel function of the first kind of order 0, and X any length
parameter as long as Xz0.
z z˜ F /F¯
z0 z0 0.228z0 /a
z0 sin2	x /X 0 0
z0 cos2	x / 2a z0J02	2−1 /2 0.0189z0 /a
z0 cos2	x / 3a z0J02	2−1 /3 0.0474z0 /a
z0 cos2	x / 4a z0J02	2−1 /4 0.0741z0 /a
z0 cos2	x / 5a z0J02	2−1 /5 0.0963z0 /a
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